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PREFACE 

This Memorandum is part of a continuing theoretical study of the 

geomagnetic field. It develops a new and powerful integral method for 

extrapolating a field. The results should aid the development of 

representations of the geomagnetic field in space, and are directly 

applicable to both geophysical problems involving scalar and vector 

potential fields, and to the design of conjugate point experiments. 

The work was supported by the National Aeronautics and Space Administration 

under Contract NASr-21(05). 
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ABSTRACT A 
The method of f i e l d  ana lys i s  by i n t e g r a l s  i s  developed and appl ied ,  

with a n  e l e c t r o n i c  computer, t o  various tes t  f i e l d s  prescr ibed over 

t h e  su r face  of a sphere.  The r e s u l t s  are compared with the  t r u e  

va lues ,  and a scheme of numerical i n t eg ra t ion  i s  devised t o  ensure 

s u i t a b l e  accuracy. F ina l ly ,  t h i s  method i s  success fu l ly  appl ied  t o  t h e  

geographical d i s t r i b u t i o n  of t h e  dai ly  mean f i e l d  of d i s turbance .  

The p a r t  of t h e  observed su r face  f i e l d  t h a t  is  of ex te rna l  o r i g i n  

i s  i s o l a t e d ,  and atmospheric cur ren t  func t ions  capable  of y i e ld ing  

it are  derived. - 
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I. INTRODUCTION 

The present  paper extends and app l i e s  a method considered i n  a 

previous paper (Vestine, 1941) f o r  analyzing magnetic f i e l d s  by 

i n t e g r a l s .  It a l s o  makes use of la ter  s tud ie s  (Taylor, 1944; Benkova, 

1953). For t h e  e a r t h ,  Gaussian spherical-harmonic ana lys i s  i s  usua l ly  

the  most convenient and s a t i s f a c t o r y  method (Chapman and Bar te l s ,  1940). 

For t e r r e s t r i a l  f i e l d s  too complex f o r  spherical-harmonic series, i n t e g r a l  

ana lys i s  may be  preferab le .  The l a t t e r  tends,  t h e o r e t i c a l l y ,  t o  be 

more accura te ,  s ince  f i g u r e s  a r e  less l i k e l y  t o  be l o s t  than i n  sphe r i ca l  

harmonics, which may involve t h e  differencing of numerical q u a n t i t i e s .  

Moreover, a high-speed computer can make t h e  numerical c a l c u l a t i o n  less 

burdensome. Even so, when da ta  a re  incomplete o r  known only pointwise,  

it may prove b e s t  t o  ex t r apo la t e  or i n t e r p o l a t e  sur face  f i e l d  da ta  by 

an  a n a l y t i c a l  method such a s  spherical  harmonics, based on f i t t i n g  the  

observed da ta  with polynomials. 

The present  paper develops methods mainly i n  order  t o  analyze 

c e r t a i n  average aspec ts  of t h e  magnetic storm f i e l d  - p a r t i c u l a r l y  

the  d a i l y  means of dis turbance.  
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11. SEPARATION OF SURFACE MAGNETIC FIELD I N T O  PARTS 
OF EXTERNAL AND INTERNAL O R I G I N  

It is convenient t o  begin by not ing some r e s u l t s  based on Green's 

theorem (Vestine, 1941). Consider a closed su r face  s enclosing a 

volume v.  L e t  U and V = V .  + V s a t i s f y  Laplace's  equat ion,  where 

V .  i s  due t o  sources in s ide  s ,  V t o  sources ou t s ide ,  so t h a t  

1 e 

1 e 

2 2 av a u  
V s an an  

(UVV - VVU)dv (U - - V -) 

On wri t ing U = l / r ,  where r i s  the  d i s t ance  from a va r i ab le  point  i n  

v ,  t o  the f ixed  point  P, t he re  r e s u l t s  

1 c  2 1  1 av a i  
J- ( - v v  - vv 
v r  

I f  w e  consider only the  sources in s ide  v,  then from a n  ex te rna l  po in t  

2 
0, v v i  = - 4Ilpi , 

where p, is  the  volume dens i ty  of magnetic po les .  Consequently, i 

so t h a t  
1 1 av a 1  

4rr s r a n  a n  r 

- - - -  ( - - - V - - )  ds 
vi 

a t  t h e  ex terna l  point  Pe. 

S i m i l a r l y ,  a t  an i n t e r n a l  po in t  P f o r  ex te rna l  sources  i' 

1 av V - - ) d s  a i  . 
a n  r 'e 
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Consider t h e  va lue  approached by V - V .  as P P. approach a 

This va lue  can be  infer red  by no t ing  t h a t  
e 1 e' 1 

po in t  P on s .  

1 1 av 
ds - -  J- - - 

417 s r a n  

may be regarded a s  t h e  p o t e n t i a l  of a s i n g l e  l aye r  of po le  dens i ty  

and 

1 a - V -(:) ds 
4rr s a n  r 

as t h e  p o t e n t i a l  of a double layer of s t r eng th ,  o r  magnetic moment per 

u n i t  a r ea  p = - V .  
1 

4rr 
Thus, 

V e +  - 1 s ( -  1 - - V -  av a ' ) d s + -  v (P) 

4rr s r a n  an  r 2 
(5) 

a s  P -, P, and i 
1 1 av a v (PI 

+ - -  s ( -  - - V  - L )  d s + -  
4rr s r an  an  r 2 

vi 

when P + P. Consequently, e 

If a uniform double layer  of s t r eng th  p i s  placed on s ,  i t s  

in s ide ,  so t h a t  i f  p = 

0 

p o t e n t i a l  Vo i s  zero ou t s ide  s and -417 p 

-V /4rr t h e  p o t e n t i a l  i s  cons tan t  i n s ide  and equal t o  V . 
Eq. (3) ,  w e  write what i s  the  same th ing  

0 0 

Thus f o r  
0 0 
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and a s  Vestine (1941) has shown 

1 

4n s an  r 
(V - V O ) E :] ds + Vo .. 'e 

Also a s  Pe - P, Pi 4 P 

(9) 
0 

v - v  

2 
+ vo Y 

a v - vo 
¶ (10) 

1 

4n s 

l 

4n s 

4 -  s [i E- (V - Vo) ve 

v i +  - -  (V - Vo) - I] ds + 
S [: E -  a n  r 2 

and 

1 

2n an  r ve - vi (V - Vo) E I] ds + Vo . 

Thus, i f  V = V + V .  on s i s  known only a p a r t  from a cons t an t ,  e 1 

Ve - V .  w i l l  be a f f e c t e d ,  though a c t u a l l y  only i n  Ve. 
1 

A corresponding r e s u l t  i s  found i n  Taylor (1944) f o r  a sphere 

of rad ius  2: 

where P i s  t h e  po in t  a t  which Ze - Zi i s  being evaluated and Q i s  t h e  

v a r i a b l e  point on s .  



111. A SPHEZE 

For a sphere of rad ius  a ,  i f  Z = aV/an, then using Eq. (7) a t  

a su r face  poin t  P(a,  e ,  c p ) ,  

ve - vi = -  1 [;-VL(:)]ds . 
21-r s aa r 

and 
1 ds - ve - vi - - J' (V + 2 a ~ )  - . 

4na s r 

For convenience i n  numerical evaluat ion,  w e  can write 

1 (V + 2aZ) 

4 6 n a  s (1 - cosy) 
d s  S f 

- ve - vi - 

ze - zi - -  1 [v(Q) - V(P)1 
ds  S 312 

- 
4 6 n a  s (1-cosy) 

where cosy = COS e COS e + s i n  8 s i n  8 '  cos (cp' - c p ) .  

Here r i s  t h e  d is tance  from P t o  t h e  element of a rea  ds  a t  

Q(a,  0 ' 9  ~ ' ) r  SO 

2 r2 = 2a (1 - cosy) , 

where y i s  the  angular d i s tance  between P and Q, subtended a t  t h e  

cen te r  of t he  sphere. Thus, 
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I V  , EXTRAPOLATION OF A PRESCRIBED SURFACE FIELD, 
USING POISSON'S INTEGRAL 

When V. i s  known and equal t o  f a t  a l l  po in ts  Q over a sphere of 
1 i 

rad ius  a ,  values  of V .  f o r  R > a ,  a r e  given by Poisson's i n t e g r a l  

(HacRobert, 1928) * Thus, 

1 

vi = 
41-ra s 

2 where r2  = (a 4- R2 - 2aR 

I n  the same way, f o r  

(a2 - R ~ )  
v =  
' e  4rra 

f i  (Q) 

cos y) 11 2 

dS 3 r 

R <  a ,  

f e  (Q) J T  ds . 
s r  

(14) 

These i n t e g r a l s  apply t o  p o t e n t i a l  funct ions V ,  but  may a l s o  be 

appl ied  t o  magnetic f i e l d  components s epa ra t e ly ,  i f  these  a r e  d i r ec t ed  

p a r a l l e l  t o  a f ixed  Car tes ian  o r  skew reference  frame (Vestine, e t  al . ,  

1962). 

To ex t rapola te  prescr ibed su r face  f i e l d s  over a sphere towards the  

source of f i e l d ,  one can use sphe r i ca l  harmonics (Chapman and Bartels, 

1940). There a r e  advantages i n  using i n t e g r a l s ,  however, i f  f i t t i n g  of 

t he  f i e l d  requi res  too many spherical-harmonic t e r m s .  E i ther  method may 

give uncertain r e s u l t s ,  because small  e r r o r s  i n  t h e  observat ional  da ta  

tend t o  be accentuated a s  a s ingular  source of f i e l d  i s  approached. 

I f  a p o t e n t i a l  V i s  known a t  po in t s  Q(f3, cp) over a sphe r i ca l  

sur face  s 

su r face  s of rad ius  R < a w e  may w r i t e  

of rad ius  a ,  then f o r  a po in t  P on a concent r ic  s p h e r i c a l  1 



where f(Q) o r i g i n a t e s  ou t s ide  s ly  and p ind ica t e s  t h e  app l i ca t ion  of 

Poisson’s  i n t e g r a l  a s  an operator  to  a l l  values  V(Q) = f(Q). 

It may be poss ib le  t o  estimate f (Q) on s knowing V(P) over s. 

1’ 

1’ 

I f  t he re  are no sources of magnetic f i e l d  between s and s 

taken as a f i r s t  approximation t o  V(Q) on s 

es t imate  of V on s 1’ 

t h e  amount V(P) - p V(P) = (1 - p)V. 

V(P) may be 

Then VI = pV is an 1’ 

The value V1 w i l l  f a i l  t o  agree  with V(P) by 

1 The second approximation f o r  the est imated value of V on s 

becomes V + (1 - p) V. The f i e l d  ca l cu la t ed  a t  s is 

pcv + (1 - p)V] = p c 1  + (1 - p)] v ’ 

which f a i l s  t o  agree with t h e  observed value V by t h e  amount 

v - p [ 1 +  (1 - p)] v = (1 - P I 2  v ’ 

and so on. It i s  

apparent t h a t  t h e  var ious  approximations t o  f(Q) i n  sequence become 

V; [l 4- (1 - p)] V; [l + (1 - p) + (1 - P ) ~ ]  V; and the  j - t h  

approximation t o  V on s ,  becomes 

W e  thus es t imate  f(Q) from observed values  V(P). 

j 1 - (1 - P) 
fj(Q) 4 (1 - p)’ V(P) = V(P) 

P 0 

f o r  R < a.  

Eq. (15). If we consider t he  series summable, t h e  approached l i m i t  

i s  l / p ,  s ince  the  r e s u l t  pV is  less  than  V,  i f  averaged over s. This 

would imply t h a t  V(Q) = l / p  V(P), o r  t h a t  p V(Q) = V(P), as it 

should i f  t he  operator  p i s  intended t o  imply t h e  use of Poisson’s 

i n t e g r a l .  

When R > a, the  operator p i s  given by t h a t  f o r  V i n  e 
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Caution i s  needed in  the application of Eq .  (17). Extrapolation 

should not extend into the space occupied by the f i e l d ' s  sources. 

Tne success achieved w i l l  also depend upon the accuracy of the data 

provided, since errors may be  amplified, especially as the distance 

of the extrapolation increases. 
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V. APPLICATIONS OF INTEGRAL METHODS TO SIMPLE FIELDS 

me p o t e n t i a l  on t h e  su r face  of a sphere of r ad ius  R can be 

expressed i n  sphe r i ca l  harmonics as 

= v 
of e x t e r n a l  components i s  Em = (a," cos nrp + bn s i n  nrp) P: (cos e), 

(c; cos "rp + dm s i n  nrp) and the  i n t e r n a l  component Im = 

Here 8 and cp are c o l a t i t u d e  and longitude, r e spec t ive ly ;  an, bn, cm dm n' n 

are cons tan t s ;  and Pn (cos e )  i s  the a s soc ia t ed  Legendre polynomial 

of Schmidt, o rder  m and degree n (Chapman and B a r t e l s ,  1940). 

+ vi, say, where a is  the radius of a sphere.  

n 

The p o t e n t i a l  
e 

m 

(cos e). n n 

m 

The 

v e r t i c a l  i n t e n s i t y  aV/aR,  pos i t i ve  when d i r e c t e d  downwards, is  

To test t h e  i n t e g r a l  method of s epa ra t ing  an  observed f i e l d  i n t o  

e x t e r n a l  and i n t e r n a l  p a r t s ,  w e  chose the  f i e l d  obtained f o r  a s i n g l e  

1, ao = - 200, b: = 0,  t e r m  m = 0, n = 2, of Eq. (18) with a = R = 

co = 100, and d2 = 0.  Then V = - 50 (3 cos 8 - 1). Here, 

'e 

f o r c e  i s  Z = -350 (3 cos 8 - 1) with Ze = -200 (3 cos 8 - 1) and 

2 
0 2 

2 2 
2 

= -100 (3 cos 8 - l), and Vi = 50 (3 cos 8 - 1). Also t h e  v e r t i c a l  

2 2 

2 z1 = -150 (3 COS e - 1). 
On pu t t ing  a = 1 i n  t h e  f i r s t  i n t e g r a l  of Eq. (13), we see t h a t  

do' ,  (20) 1 1 'TT dtp' 
f (1 - cos y) 

- - -  ve - vi 
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where cos y = COS 8 cos 8 '  + s i n  8 s i n  8 '  cos (9' - (p) evalua ted  a t  

t h e  point P(a,e,cp) using "observed" values a t  t h e  v a r i a b l e  po in t  

Q(a, e' ,  cpl )  on s .  

A problem arises at t h e  poin t  where P = Q, however, s i n c e  t h e  

denominator of t h e  i n t e g r a l  becomes zero. 

l i m i t  (Taylor, 1944). 

above, the values of Ve - V. ( a t  t h e  poin t  P) were computed a t  odd 

degrees of l a t i t u d e ,  while  t h e  values of V +  22 a t  Q were taken a t  

even degrees of l a t i t u d e .  

The i n t e g r a l  has a d e f i n i t e  

I n  t h e  a p p l i c a t i o n  t o  t h e  simple f i e l d  described 

1 

Using an IBM 7090 computer, w e  evaluated 

t h e  integrand f o r  every four degrees of longitude and two degrees of 

l a t i t u d e .  The i n t e g r a t i o n  w a s  performed as ind ica t ed  i n  Eq. (20), 

f i r s t  by summing around each c i r c l e  of l a t i t u d e ,  and then  by summing 

t h e s e  r e s u l t s .  The quadrature formula used f o r  t h e  i n t e g r a t i o n  was 

n X n 
y(x) d x =  h C ? j i  yi - E , 

X 0 i o 0  

where E i s  t h e  t runca t ion  e r r o r  

3 (4) h5 + (n-4) Y E = -  
80 

and 

= 0.348611111 
6O 

h1 = 1.24583333 

6 2  = 0.879166667 

63 = 1.02638889 

&i = 1 ,  4 s i s n - 4  



-11- 

The t e s t  p o t e n t i a l  and i t s  ca lcu la ted  p a r t s  of i n t e r n a l  and 

ex te rna l  o r i g i n  a r e  shown i n  Fig.  1. The e r r o r  of one t o  two per 

cen t  i s  probably due t o  t h e  approximate method of  t r e a t i n g  the  

s ingu la r  po in t .  

For t h e  v e r t i c a l  i n t e n s i t y ,  the second i n t e g r a l  of  Eq. (13) 

gives us  

+ vi . 312 

(23) 
1 1 n dcP ' 

(1 - cos y )  
ze - zi - - -  [v(Q)-v(P)]sin 0 ' k2n 

4 6 r r  0 

The computed values  of Z - Z .  corresponding t o  V - V .  a r e  a l s o  

shown i n  F ig .  1. Here t h e  ca l cu la t ion  i s  more p r e c i s e  than  f o r  t he  

e 1 e 1 

p o t e n t i a l ,  s ince  t h e  numerator and denominator of  t h e  integrand approach 

zero toge ther .  

No s p e c i a l  d i f f i c u l t y  ar ises ,  t he re fo re ,  i n  obta in ing  V - Vi e 

and Ze - Zi,  when Ve + Vi = V and when Ze + Zi = Z are  known. 

vi, ve, e 

sepa ra t ion  can a l s o  be shown t o  be unique (Taylor, 1944). 

Hence, 

Zi,  and Z can be obtained sepa ra t e ly  (Vestine, 1941). The 

Equation (17) can be used t o  ex t r apo la t e  su r face  values  of f i e l d s  

t o  i n t e r i o r  and e x t e r i o r  po in t s .  It is  i n s t r u c t i v e  t o  see how t h e  

i n t e g r a l  method works with f i e l d s  represented  by harmonics of varying 

degrees  n. The present  paper examines t h e  procedure f o r  ex t r apo la t ing  

V from t h e  sur face  s (of r ad ius  a )  to an  e x t e r i o r  su r face  s f o r  which 

R >  a .  Now f o r  po in t s  i n t e r i o r  to a given sur face ,  V i s  defined by 

Eq. (15). This equat ion a l s o  def ines  a n  i n t e g r a l  opera tor  p i n  the  

e 1 

e 

same manner as does Eq. (16). It fol lows t h a t  Eq. (17) can be  appl ied  

d i r e c t l y  t o  the  ex t rapola t ion  of Ve. The problem the re fo re  i s  t h a t  of 
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Fig.  1 

i n t o  ex terna l  and i n t e r n a l  p a r t s  by i n t e g r a l s ,  

compared with t r u e  values  

Computed separa t ion  of magnetic f i e l d  
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es t imat ing  f (Q)  = 

are no sources of 

s i t u a t i o n  between 

ionosphere, where 

V on s from the observed p o t e n t i a l  on s ,  when the re  

f i e l d  between s and s This i s  very near ly  t h e  

t h e  e a r t h ' s  surface and t h e  lower E-region of t!:e 

the  sources  of V a r e  located a t  higher  levels above 

e 1 

1' 

e 

the  ground. Since the  convergence of  Eq. (17) may depend both on r 

and on the  na ture  of t he  f i e l d  extrapolated,  it i s  convenient t o  e f f e c t  

t he  ex t rapola t ions  f o r  var ious values of r and degrees n of spher ica l -  

harmonic f i e l d  terms. Though fo r  convenience only zonal harmonics 

w i l l  be used here ,  no l o s s  i n  genera l i ty  ensues. 

Equation (18) ind ica t e s  t h a t  more complex su r face  f i e l d s ,  which 

g ive  r i s e  t o  harmonics of higher  degree n ,  change r ap id ly  i n  magnitude 

a s  R increases ,  s ince  the  dependence is  upon (R/a) , where R > a .  
n 

Therefore,  by wr i t i ng  CY = a/R and f o r  a p o t e n t i a l  V(P) express ib le  by 

a sphe r i ca l  harmonic of degree n, and by using Eqs. (17) and (18) ,  we 

1 de r ive  f o r  t he  j - t h  approximation t o  V a t  t he  point  Q on s 
j 

1 - (1-CY") 
V j  (Q) = n V(P) . ( 2 4 )  

CY 

Also note  from Eq.  (18) t h a t  Ve(Q) = 

Consequently, the  e r r o r  r e s u l t i n g  from use of E q .  (24)  can be est imated.  

The approximate r e s u l t  i s  Ve(P) = [1-(l-an) ] Ve(P), whereas the  

c o r r e c t  r e s u l t  i s  Ve(P) = Ve(P). 

depends on the  r a t e  a t  which (1 - an) '  tends toward zero a s  j ,  the  number 

Ve(P) , o r  V (P) = Q'%~(Q). e 

j 

Hence, t he  convergence of E q .  ( 2 4 )  

of approximations, increases .  The t a b l e  gives values of t h i s  funct ion 

f o r  var ious values  of CY = a/R, n and j .  A t  he ights  of 100 t o  200 km, 

the  convergence is  good t o  about one per cen t  o r  b e t t e r ,  i f  n < 10 

and j = 4 a t  most. For complex f i e l d s  near t he  au ro ra l  zone (supposing 
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that  a r ibbon cu r ren t  about 400 kmwide flows t h e r e ) ,  w e  may need 

harmonics of degree n = 100 t o  f i t  the  f i e l d  a t  ground l e v e l .  

a value f o r  j of about 100 might be necessary,  a modern computer would 

s t i l l  r equ i r e  only a moderate in t e rva l  of t i m e  t o  ex t r apo la t e  f i e l d  

values  t o  the  base of the  E-region. 

Though 

Now t h a t  t he  i n t e g r a l  method has been successfu l ly  appl ied  t o  

var ious  model f i e l d s ,  let  us next consider a geophysical app l i ca t ion .  
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V I .  APPLICATION TO THE DISTURBED GEOMAGNETIC FIELD 

In tegra l  ana lys i s  may be appl ied  t o  those complex f e a t u r e s  of 

t he  magnetic dis turbance f i e l d  t h a t  o r d i n a r i l y  r e q u i r e  too many 

spherical-harmonic terms f o r  p r a c t i c a l  representa t ion .  

i s  t h e  in t e rna t iona l  disturbed-day means minus the  quiet-day means of 

dis turbance (Dmi) averaged f o r  t he  years  1922-1933; i n  high l a t i t u d e s ,  

da ta  for  t he  polar  year of 1932-1933 were ad jus ted  t o  t h e  l e v e l  of 

dis turbance f o r  1932-1933 (Vestine, e t  a l . ,  1947). 

A simple example 

The s o l i d  curves i n  Figs .  2(A) and (B) represent  these  da t a  i n  geo- 

magnetic l a t i t u d e  i n  terms of t he  p o t e n t i a l  V and the  v e r t i c a l  gradient  

Z = aV/an. The values of V were der ived apart from a constant by i n t e -  

g ra t ing  a graph of the  observat ional  da ta  i n  the geomagnetic-north com- 

ponent X', using the  r e l a t ionsh ip  X' = l / a  aV/a0 = aV/aQ, when a = 1. 

The p o t e n t i a l  and v e r t i c a l  fo rce  of t h i s  f i e l d  were separated i n t o  

components of i n t e r n a l  and ex te rna l  o r i g i n ,  using Eqs. (20) and (23). 

Figures  2(A) and (B) show the  r e s u l t s .  

two sets of values t h a t  d i f f e r  by an add i t ive  cons tan t .  

compares t h e  resu l t s  of separa t ion  f o r  both sets. A s  w e  ind ica ted  

i n  Section 11, both sets give the same value of V while  t h e  values  

of V d i f fe red  by a constant .  The p o t e n t i a l  t h a t  i s  symmetrical 

around the equator (a) i s  considered t o  be the  co r rec t  p o t e n t i a l ,  

s ince  V a r i s e s  from e l e c t r i c  cu r ren t s  o r  magnetic material. 

For the  p o t e n t i a l ,  we analyzed 

Figure 3(A) 

i' 

e 

I f  w e  use  

t h i s  po ten t i a l ,  

t o  t he  external  

electromagnetic 

the  i n t e r n a l  p a r t  w i l l  be almost d i r e c t l y  proport ional  

p a r t ;  t h i s  i s  t o  be expected i f  t h e  cause of V i s  

induct ion by V . These r e s u l t s  a r e  cons i s t en t  with 

i 

e 
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Fig.  2 Separation i n t o  i n t e r n a l  and ex te rna l  p a r t s  

(A) p o t e n t i a l ,  (B) v e r t i c a l  fo rce  
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previous sepa ra t ions  of t h e  f i e l d  made by s p h e r i c a l  harmonics (Chapman 

and Bartels, 1940). 

Figure 3(B) shows r e s u l t s  f o r  2 computed d i r e c t l y  from V using e e 

t h e  r e l a t i o n s h i p ,  found i n  Taylor (1944) 

1 Ve(Q> - Ve(P> 

2l-r s 
dS 3 Ze(P) = - - j- 

r 

toge ther  with s imi l a r  values  obtained by using E q .  (23) .  The 

i r r e g u l a r i t i e s  i n  both sets of values f o r  Z (and t h e  d i f f e rences  

between them) a r e  ascr ibed  t o  the  lack of s i g n i f i c a n t  f i g u r e s  i n  t h e  

o r i g i n a l  da t a .  I n  t h e  integrand,  the term [V(Q) - V(P)]/r3 i s  most 

important when P and Q are c l o s e  together ,  where both the  numerator 

and denominator become q u i t e  s m a l l .  S i g n i f i c a n t  f i g u r e s  i n  t h e  

numerator are l o s t  i n  t he  d i f fe renc ing  process  under t h i s  condi t ion .  

e 
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V I I .  CALCULATION OF EQUIVALENT OVERHEAD 
CURRENT-FUNCTION FOR D _. 

The p o t e n t i a l  of ex te rna l  o r i g i n  most l i k e l y  der ives  from cu r ren t s  

flowing a t  var ious l e v e l s  above the  e a r t h .  No one can determine t h e  

loca t ion ,  s t r eng th ,  and d i r e c t i o n  of these  cu r ren t s  so l e ly  from a 

knowledge of the  su r face  p o t e n t i a l .  A given p o t e n t i a l  d i s t r i b u t i o n  

could be a t t r i b u t e d ,  f o r  ins tance ,  t o  an  i n f i n i t e  number of cu r ren t  

s h e l l  d i s t r i b u t i o n s  (Chapman, 1935). 

The cur ren t  func t ion  J(Q) a t  a point  Q can be regarded a s  given 

by the  magnetic moment p e r  u n i t  a r ea ,  p(Q) of such a cu r ren t  s h e l l .  

Thus, 

By using spher ica l  harmonics, one can a l s o  express  t h i s  r e s u l t  as 

Jn(Q) (:) O0 n+l 
V(P) = - 4n c - 

n.0 2n+l 

where 

J =  ZJ n n=o 
(Chapman and Bar te l s ,  1940). 

Since V i s  known, r a t h e r  than J, a method of successive 

approximations s imi l a r  t o  t h a t  used f o r  ex t r apo la t ing  the  p o t e n t i a l  

can be used. What i s  formally required i s  t o  r ep lace  the  s i n g l e  
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plus  double d i s t r i b u t i o n  i n  Eq.  ( 4 )  with a double d i s t r i b u t i o n  of  

s t r eng th  b .  It has been noted t h a t  V - V .  on s can be  expressed i n  

terms of a s i n g l e  d i s t r i b u t i o n  V = 2aZ on s .  Treatment of t h i s  

problem i n  terms of i n t e g r a l  equations has  been discussed i n  

Benkova (1953), where it was a l s o  remarked t h a t  Eqs. (13) and (25) 

e 1 

a r e  equiva len t .  So 

3 r 
J - -- 

4na s 

Thus, i f  r2  = a2  + R2 - 2aR cos y ,  

d s  

with Q a poin t  on an  o u t e r  sphere 

of r ad ius  a ,  

a2-R2 V ( Q )  
- - -  J - T  ds  

4na s r 

suggest ing t h a t  - V ( Q ) / 4 n  might a f ford  a use fu l  f i r s t  approximation 

b,(Q) t o  p(Q)  and hence t o  J(Q) . 
f o r  V i n  Eq. (17)  would then provide an es t imate  of b(Q) under 

favorable  circumstances from known values  of V on t h e  sur face  of an  

i n t e r i o r  sphere of rad ius  R .  The convergence of Eq. (17) would be 

r a p i d  when a - R ,  bu t  would be poor when a >> R.  

This r e s u l t ,  s u b s t i t u t i n g  b (Q) 1 

1 

e 

I n  p r a c t i c e ,  w e  found E q .  (26) t o  be more use fu l ,  t ak ing  t h e  

f i r s t  approximation t o  p(Q) from a rough spherical-harmonic ana lys i s  

of t h e  present  da ta  t o  n = 3 .  I n  t h e  numerical i n t e g r a t i o n  g r i d  
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previously used f o r  t h e  f i e l d  separa t ion ,  t h e  integrand was evaluated 

a t  every two degrees of l a t i t u d e  and four  degrees of longi tude.  This 

proved to  be unsa t i s fac tory  f o r  t h e  cu r ren t  dens i ty  in t eg ra t ions ,  a 

f i n e r  grid being necessary when Q was i n  t h e  v i c i n i t y  of P .  

wi th in  two degrees of l a t i t u d e  and e igh t  degrees of longi tude of P ,  

t h e  integrand of Eq. (25) was evaluated a t  every 1 /4  

and 1 / 2 O  of longi tude.  

14 

l a t i t u d e  and 2 of  longi tude over the  e n t i r e  po lar  cap down t o  

co la t i t ude  1 6  . With these  modif icat ions,  then,  f o r  a l l  cu r ren t  

dens i ty  evaluat ions attempted, t he  ca l cu la t ed  p o t e n t i a l  converged t o  

wi th in  0.1% of the  t r u e  p o t e n t i a l  a f t e r  t h r e e  t o  f i v e  approximations. 

Using Eqs. (17) and (25), w e  thus determined the  cu r ren t  dens i ty  

Consequently, 

0 of l a t i t u d e  

W e  used a d i f f e r e n t  g r i d  when P was wi th in  

0 of one of t he  poles ,  eva lua t ing  the  integrand f o r  every 1 / 2 O  of 

0 

0 

a t  a height  of 100 km, t h e  assumed he igh t  of the au ro ra l  zone c u r r e n t .  

The current  i n t e n s i t y  found i s  shown i n  Fig.  4(A). The p o t e n t i a l  a t  

t h e  ground could be due t o  t h i s  o r  t o  equivalent  cu r ren t s  a t  o ther  

he igh t s ,  o r  t o  some combination of cu r ren t s .  We here  took the  l a rge  

cu r ren t  in  the  high l a t i t u d e s  t o  be the  au ro ra l  zone cu r ren t ,  while 

assuming t h a t  t h e  remainder flowed higher above the  e a r t h .  The small  

eastward-flowing cu r ren t  a t  60 l a t i t u d e  was l e f t  f o r  l a t e r  study. 

The current  flow between t h e  au ro ra l  zones, though ca l cu la t ed  f o r  a 

he ight  of 100 km, we regarded a s  more l i k e l y  t o  flow a s  a r i n g  cu r ren t  

a t  a l eve l  ye t  t o  be defined. Figure 4(B) shows t h e  p o t e n t i a l  V and 

the  two components of V a t  ground l e v e l  t h a t  y i e l d  t h e  ca l cu la t ed  

t o t a l  cur ren t  flow i n  Fig .  4(A) . 

0 

e 

e 
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Figure 4 (C) i l l u s t r a t e s  another poss ib l e  model cu r ren t  system 

t h a t  could produce t h e  p o t e n t i a l  V 

i n  F ig .  4(B), i f  t h e  cu r ren t  flowed a t  a he ight  of 2000 km; t h e  

ca lcu la ted  eastward-flowing cu r ren t  j u s t  south of t h e  au ro ra l  zone i s  

accentuated, and may be unrea l .  

i n  t h e  da i ly  mean t h a t  i s  due t o  t h e  eastward-directed e l e c t r o j e t  of 

bays, i f  some of these  flow a t  a l a t i t u d e  a l i t t l e  south of  t h e  

westward-directed e l e c t r o j e t  (Chapman and B a r t e l s ,  1940). I f  so ,  

it can be regarded as an unwanted s i g n a l  from a lower level,  i r r e l e v a n t  

t o  a r ing-current  flow. I n  c o n t r a s t ,  t h e  s h o r t  h o r i z o n t a l  l i n e  i n  

Fig.  4(C) ind ica t e s  a f a i r l y  pronounced increase  i n  cu r ren t  from 

about 20's t o  20°N. 

east t o  west near t h i s  level ,  o r  i n  t h e  ionosphere below. A l a r g e  

p a r t  of  the cu r ren t ,  ind ica ted  by t h e  longer l i n e  i n  Fig.  4(C) , is  

probably i n  the  form of a broadly c i i s t r ibu ted  r i n g  cu r ren t  a t  g r e a t e r  

he igh t s .  For ins tance ,  t h e  cu r ren t s  ind ica ted  ( fo r  flow i n  t h i n  s h e l l s )  

i n  Fig.  5 could reproduce t h e  p o t e n t i a l  V 

year means o f  d a i l y  means D 

t he re fo re  permits  a formal ana lys i s  of da t a  which would be very d i f f i c u l t  

p r a c t i c a l l y  t o  represent  by sphe r i ca l  harmonics. 

between t h e  a u r o r a l  zones shown e R  

It could,  however, represent  an e f f e c t  

This  may i n d i c a t e  a s i g n i f i c a n t  cu r ren t  flow from 

derived from t h e  twelve- 

The method of a n a l y s i s  by i n t e g r a l s  

e 

m i  

One can then i n t e r p r e t  t h e  e q u a t o r i a l  cu r ren t  a t  a he igh t  of 2000 km 

as being due t o  ene rge t i c  p a r t i c l e s  - p r i n c i p a l l y  protons having 

mirror  points  extending mainly 20 N o r  S and equatorwards, augmented 

i n  energy f l u x  during storm days. 

t h i s ,  without es t imat ing  t h e  poss ib le  he igh t  of t h e  cu r ren t  flow 

(Vestine,  1961). 

0 

One of  us  has  previously mentioned 

On t h e  o the r  hand, our  a n a l y s i s  h e r e  does not  
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s u f f i c i e n t l y  i n d i c a t e  t h e  need f o r  pos tu l a t ing  cu r ren t  a t  so g r e a t  a 

h e i g h t ,  Even so,  s i n c e  t h e  cha rac t e r  of t he  f i e l d  change i s  such 

t h a t  the  s igna l  could scarce ly  arise a t  twice t h i s  he igh t ,  w e  have 

infer red  t h a t  t h e  respons ib le  cu r ren t  may flow i n  lower reaches of 

t he  outer  Van Al len  b e l t .  Because t h e r e  i s  a l s o  the  p o s s i b i l i t y  

t h a t  the flow occurs wi th in  t h e  ionosphere, a l a t e r  study should 

consider t h i s  p o s s i b i l i t y .  
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